A Monte Carlo study of crowding effects on the self-assembly of amphiphilic molecules J. Chem. Phys. 130, 204701 (2009) We assess the roles of anisotropy and interaction range on the self-assembly of Janus colloidal particles. In particular, Monte Carlo simulation is employed to investigate the propensity for the formation of aggregates in a spheroidal model of a colloid having a relatively short-ranged interaction that is consistent with experimentally realizable systems. By monitoring the equilibrium distribution of aggregates as a function of temperature and density, we identify a "micelle" transition temperature and discuss its dependence on particle shape. We find that, unlike systems with longer ranged interactions, this system does not form micelles below a transition temperature at low density. Rather, larger clusters comprising 20-40 particles characterize the transition. We then examine the dependence of the second virial coefficient on particle shape and well width to determine how these important system parameters affect aggregation. Finally, we discuss possible strategies suggested by this work to promote self-assembly for the encapsulation of particles. © 2014 AIP Publishing LLC.
I. INTRODUCTION
The self-assembly of anisotropic colloidal particles, whose interactions depend on both particle separation and relative orientation, is an important step in the creation of mesostructures that have a multitude of technological applications, including those in such fields as drug delivery and photonic crystals. [1] [2] [3] A prototype of such particles is the so-called "patchy" colloids that have been fabricated both experimentally and for use in computer simulations of self-assembly. By varying the number and distribution of patches on the surface of a particle, one can effectively tune the resulting shapes of aggregates to create useful structures. 1, 4, 5 The impact of particle anisotropy on the self-assembly process has been summarized by Glotzer and Solomon employing the concept of an anisotropy dimension that reflects particle patchiness and aspect ratio. 6 Nature also takes advantage of anisotropy in various protein molecules, whose self-assembly and morphology depend on anisotropy. 7 The Janus sphere, comprising two chemically dissimilar hemispheres, is perhaps the simplest, well-studied example of a patchy colloid. 4, 8, 9 Janus spheres have been fabricated by a variety of techniques 10, 11 and used, for example, to study particle interactions with cells 12 and to manufacture imaging probes 13 and sensors. 14 In addition, Monte Carlo simulation of these systems has led to a better understanding of the thermodynamics and morphologies associated with selfassembly. 9, 15 In particular, Hong et al. 16 showed that charged Janus spheres aggregate in clusters (as opposed to strings), a result that agrees well with experiment. In addition, Sciortino et al. 8 determined the gas-liquid portion of the phase diagram for a model of Janus spheres whose attractive interaction range is 0.5σ , where σ is the diameter of the sphere. Vissers et al. 18 subsequently determined the complete phase diagram for the same model of Janus spheres, with an interaction range of 0.2σ , focusing in particular on the nature of the crystal phases. As indicated above, the introduction of anisotropy with the creation of patchy surfaces may expand the range of structural morphologies that can be produced via colloidal selfassembly. This might also be of relevance in describing the self-assembly of proteins with specific anisotropic interactions (e.g., hydrophobins 19 or micelle forming proteins 20 ). For example, in recent Monte Carlo simulations of Janus ellipsoids using a modified square-well model, it was found that the size and structure of aggregates formed by self-assembly are dictated to a large extent by the ellipsoid aspect ratio 21 and that, by contrast with oblate spheroids, prolate spheroids form a variety of ordered cluster structures. 22 Despite significant progress in recent years in relating colloidal characteristics to the resulting aggregate morphology, a complete picture of the impact of anisotropy and interaction range on self-assembly is still lacking. This incompleteness is due, at least in part, to the difficulty in equilibrating aggregating systems having both translational and rotational degrees of freedom using computer simulation. Thus, most studies to date have considered simplified interactions with ranges that are longer than those found experimentally.
In this paper, we employ Monte Carlo simulation to assess the roles of these characteristics in self-assembly using a simplified spheroidal model of a Janus colloid. More specifically, for a relatively short-ranged interaction that is consistent with experimentally realizable systems, we investigate the formation of single-layer and multilayer aggregates for ellipsoidal particles and, in so doing, identify a "micelle" transition temperature. By comparing our results with those established for Janus spheres, we highlight the impact of colloidal characteristics on this transition and on the propensity to form aggregates.
As we have investigated the aggregation of Janus ellipsoids in two earlier studies, 21, 22 it is important to highlight what is new in this study. First, in this work we extend previous observations of clustering to identify a micellization temperature below which substantial clustering occurs. This is a substantial extension that requires the compilation of equilibrium cluster frequencies and the assessment of the dependence of equilibrium monomer density on particle density. Second, to establish phase boundaries and to determine the dependence of the critical temperature on the interaction range, we construct here an approximate phase diagram for our system. The phase diagram is also useful to establish that, for most of the particle densities considered here, the system is in a gas phase comprising a spectrum of n-mers. Finally, it should be noted that the use of a relatively short-ranged interaction here, as compared with earlier studies, complicates the simulations as it leads to very long equilibration times. (Indeed, in the study of Janus spheres with the same interaction range as ours, 18 the authors found it virtually impossible to equilibrate the fluid at low temperatures.) Thus, the computational overhead in this study greatly exceeds that of our previous investigations of Janus ellipsoids, a necessary cost to model interactions that are more consistent with experiment.
II. SIMULATION METHODOLOGY
The simulation procedure employed here has been described in some detail elsewhere; 21 hence, we merely outline the main features below. We model the Janus particles as spheroids having principal axes given by a = b = c, with a particle being classified as oblate (prolate) if the corresponding aspect ratio = a/b is less (greater) than unity. For convenience, we denote the longer axis as σ = max(a, b). To describe an anisotropic system, we extend the patchy model introduced by Kern and Frenkel 17 to our geometry. Consider two interacting spheroids, i and j, with a centerto-center displacement r ij and patch vectors u i and u j , respectively, as shown in Fig. 1 . In this model, two particles separated by a distance r ij interact with an orientationdependent pair potential (similar to a square well) given by U ij = Uf (r ij , u i , u j ), where
Here U 0 is the well depth, is the Heaviside function, and w is the width of the well. The orientation function is given in terms of u i and u j by
Following the approach of Berne and Pechukas, 23 in writing Eq. (1) we have adopted a Gaussian model to represent approximately the attractive interaction of the ellipsoids. In this approach, σ ij is an orientation-dependent interaction length given by
where the asymmetry parameter χ = ( 2 − 1)/( 2 + 1). 23 We employ Monte Carlo (MC) simulation in the Canonical (NVT) ensemble to study the equilibrium aggregation of the Janus particles. Our simulations begin with a gas of randomly distributed monomers. Both standard Metropolis sampling and, in some cases, cluster sampling, the latter involving the translation and rotation of aggregates, were used to generate the sequence of subsequent configurations for a system comprising N particles ranging from roughly 280 to 580 in a periodic, cubic simulation cell with length l ranging from 18 to 72σ . The cluster algorithm 24 is an extension of similar sampling strategies 25 used to mitigate critical slowing down in spin systems, and was used in this context to expedite equilibration in systems with low densities.
For convenience, we report lengths in units of σ and energy in units of U 0 and, given our focus on highly anisotropic systems with a short-ranged attractive interaction, we choose w = 0.2 and = 0.6. To assess the degree of aggregation, we calculate several quantities including the monomer density as a function of particle density and the frequency of aggregates of a given size. As equilibration is often slow, particularly for small N, we employ long runs having typically 1 × 10 8 to 5 × 10 8 MCS. Moreover, our results are typically averaged over 2500 independent equilibrium configurations to obtain statistically meaningful results. The short interaction range leads to very long equilibration times, making the results presented in Sec. III computationally expensive to obtain, particularly for the systems of low temperature and density. 
III. RESULTS

A. Cluster densities
As indicated above, our aim here is to assess the roles of interaction range and anisotropy on colloidal self-assembly for Janus particles. The degree of aggregation in our system is conveniently quantified in terms of an n-mer density, ρ n that varies as a function of temperature, T, and particle density, ρ. Consider first the monomer density, ρ 1 , as a function of ρ for a range of T, as shown in Fig. 2 . For reference, the ideal gas result, which should describe a system of non-interacting monomers at sufficiently high temperature, is also shown. As noted by Sciortino et al., 9 the dependence of ρ 1 on ρ is useful in locating (approximately) the micellization temperature. More specifically, those regimes for which ρ 1 is rather insensitive to ρ indicate that the addition of particles results in the formation of aggregates. Using this criterion, it is reasonable to estimate from the figure that a transition occurs at T ≈ 0.21. As in the case for the Janus spheres, 9 this transition temperature is close to our estimate of the gas-liquid critical temperature T c for the system, as we discuss later. Figures 3(a)-3(d) show some typical cluster morphologies resulting from self-assembly. We note that a visual examination of equilibrium cluster morphologies at this temperature, as shown, for example, in Fig. 3(c) , for aggregates comprising the order of 30 or more particles suggests that the formation of multilayer, rather than single-layer, structures is favored. The prevalence of multilayer structures for larger aggregates is highlighted in Fig. 3(d) , which shows a cut away of the 30-particle aggregate shown in Fig. 3(c) . This aggregate is seen to have the classical structure of a vesicle.
To investigate the type and frequency of aggregates resulting from self-assembly, we monitor the equilibrium cluster sizes, s, in our system as a function of T and ρ. For concreteness, we shall regard aggregates with s 10 as single-layer structures and those with s > 20 as multi-layer structures. 26 As will be seen below, this classification scheme, while somewhat arbitrary, is quite useful in characterizing observed aggregates. for s ≈ 10 (i.e., signifying single-layer structures), and most structures are either monomers or multilayer clusters, the latter with s > 20. The aforementioned intermediate regime is also present for s ≈ 20. At higher particle densities a relatively few single-layer structures form in addition to the more complex aggregates. This behavior can be understood by examining effective interactions in this system as a function of well width, w, and the asymmetry parameter, χ , as discussed in Sec. III C. Some insight into the structure of these aggregates can also be obtained by examining orientational correlations between interacting particles.
B. Orientational correlation function
Consider the orientational ordering associated with particle aggregates, as quantified by an orientational correla- P (u 1 · u 2 ) = 1. Peaks that are predominantly at u 1 · u 2 ≈ 1 are characteristic of a single-layer structure in which, as is the case here, the interaction range is relatively short. Peaks predominantly at u 1 · u 2 ≈ ±1 are indicative of a multilayer structure.
tion function between patch normal vectors, P (u 1 · u 2 ). This quantity embodies orientational correlations between particles that are within the interaction range of the potential. In a state of total disorder this correlation function will be flat as every relative orientation is equally probable whereas, in an ordered state, distinct peaks indicate preferred relative orientations. In particular, peaks that are predominantly at u 1 · u 2 ≈ 1 are associated with particles whose patch normals are nearly parallel, as is characteristic of a single-layer structure in which, as is the case here, the interaction range is relatively short. For such a structure, nearest-neighbor particles within the interaction range tend to be bonded side-to-side, and therefore their patch normal vectors are nearly parallel. On the other hand, peaks predominantly at u 1 · u 2 ≈ ±1 are indicative of a multilayer structure. As can be seen in Fig. 5 , there are no significant differences in the double-peak structure of the correlation function for temperatures T = 0.19-0.21. In studies for T ≥ 0.23 it was found that P (u 1 · u 2 ) was essentially featureless and decreasing with increasing u 1 · u 2 , suggesting that neither single-layer nor multilayer aggregates were present and that, therefore, T = 0.23 is greater than the transition temperature.
C. Second virial coefficient
A quantitative measure of the propensity for aggregation may be obtained by calculating the second virial coefficient. Indeed, the magnitude of the particle interactions over a range of temperatures, T, is conveniently characterized by the second virial coefficient where β = 1/k B T and k B is Boltzmann's constant. More specifically, a negative value for the virial coefficient indicates a propensity for aggregation, while the converse is true for a positive value. 27 To explore the variation of B 2 (T) with the well width, w, and aspect ratio, , it is useful to obtain an approximation for this quantity. This can be done by employing an analytical expression for the second virial coefficient in a d-dimensional Gaussian model of hard ellipsoids developed by Cuesta and Tejero. 28 Generalizing their expression to a square-well potential with effective width, w, and using a spherical approximation for the integration over patch orientations, one obtains for the normalized virial coefficient
where B hs 2 = 2πσ 3 /3 is the corresponding coefficient for hard spheres. It should be noted that, for asymmetry parameter χ = 0 one obtains an exact expression for Janus spheres, i.e.,
, (6) and that, for small χ ,
The normalized second virial coefficient is shown in Fig. 6 for two well widths, w = 0.2 and w = 0.5, and aspect ratio = 0.6 (χ = −0.47). For comparison, approximations to this coefficient obtained from Eq. (5) for other values of the width and shape parameters are also shown. The integration indicated in Eq. (4) was done numerically using the Monte Carlo method. It can be seen from the figure that the approximation to the virial coefficient agrees well with the Monte Carlo results. Clearly, a decrease in the well width, w, leads to a decrease in the normalized virial coefficient, B 2 (T ) /B hs 2 , and, therefore, a decrease in the propensity for aggregation.
This behavior is highlighted in Fig. 7 , which shows B 2 (T ) /B hs 2 as a function of both well width, w, and the mag- nitude of the asymmetry parameter, |χ |, as obtained from Eq. (5) for ellipsoids with χ < 0. From the figure it is evident that the normalized second virial coefficient also decreases with increasing |χ | (for χ < 0), indicating that, for the same well width and temperature, oblate particles are less likely to aggregate as compared to spherical particles. This steric effect may explain the observation that few single-layer structures form for small ρ. The lack of such structures for spheroidal particles also makes sense from geometrical considerations. In particular, spheroidal particles will align preferentially face-to-face, rather than in the side-to-side configuration associated with single-layer structures, to increase the number of neighbor interactions. A preference for face-toface alignment therefore inhibits the formation of single-layer structures. This behavior can be seen in Fig. 5 , which shows a larger probability for face-to-face alignment (although no well-defined peak) as opposed to side-to-side alignment for T = 0.23.
D. Phase diagram
Finally, to put our results in context, we estimate the phase diagram of our system. As it is computationally too expensive to determine the phase diagram for this shortrange model, we use the extended law of corresponding states as proposed by Noro and Frenkel originally 29 for spherically symmetric isotropic particles with short range attractive forces (such as in our case). This so-called law states that the thermodynamic properties become insensitive to the details of the potential and depend only on the value of the second virial coefficient B 2 and the density. This was then extended 30 to include certain types of non-spherical potentials (patchy models) when the particles interact via short-ranged smallangular amplitude patchy interactions (so that the condition of only one bond per patch is fulfilled). We use this B 2 scaling here as a way to obtain a rough estimate of the phase diagram for this system of Janus spheroids. More specifically, the phase diagram for Janus spheres having w = 0.5 that was calculated by Sciortino et al. 8 using temperature as the vertical axis is replotted using the second virial coefficient for the spherical Janus particles as the vertical axis. This requires calculating B 2sphere (T) for each relative temperature and density point of the phase diagram of Janus spheres using Eq. (6) . Then, we determine B 2spheroid (T) via Monte Carlo integration for the Janus spheroid system studied here. From equating the B 2 values of the different systems, the points on the phase diagram for the spheroids corresponding to those for the spheres have the same values for B 2 (T).
The phase diagram resulting from this scaling procedure is shown in Fig. 8(a) . In Fig. 8(b) we present the phase diagram for Janus spheres determined by Sciortino et al. 9 that was used in the rescaling described above. Upon comparing this phase diagram with that in Fig. 8(a) , it is clear that they are qualitatively similar. We note, however, that a more detailed comparison is difficult in this case since the very narrow temperature range employed here means that the rescaling used varies little with temperature. As expected, the critical temperature T c ≈ 0.21 is significantly lower than that found for the aforementioned Janus spheres having w = 0.5 10 owing to the shorter interaction range here. For most of the range of temperatures and particle densities explored here, our system is in a gas phase containing a spectrum of n-mers. Although this rough estimate of the phase diagram is only meant as a guide to place the results of our cluster aggregation study into context, its overall shape makes sense. Namely, as noted by Sciortino et al., 8 the coexistence gas density here increases progressively on cooling, approaching the coexisting liquid density. This is in contrast to simple fluids whose coexisting gas density decreases with cooling. Also in a simple liquid, gas-liquid coexistence results due to a balance between the gas and liquid free energies. The lower energy of the liquid phase is compensated by a larger entropy of the gas phase, which is acquired by significantly increasing the volume per particle. The unusual behavior observed for Janus spheres (and predicted to occur for our spheroids) comes about in a completely different way. As argued by Sciortino et al. 9 the gas becomes the energetically stable phase (due to the formation of orientationally ordered aggregates, micelles and vesicles) and the liquid phase instead is stabilized by the larger orientational entropy of the particles. Since our results for the formation of aggregates as one lower temperature are similar to that for Janus spheres, we be- lieve our rough estimate of the phase diagram is qualitatively correct.
Another indication of the approximate validity of the diagram can be seen by considering the average energy as a function of the temperature at a density of 0.001. The derivative of this energy with respect to the temperature gives the specific heat of the system (C V ). There is a peak in C V , similar to what one would see near a gas-liquid critical point. The peak is at T ≈ 0.21, which is consistent with that estimated by B 2 scaling. In addition, Sciortino et al. 8 determined the gas-liquid portion of the phase diagram for a Kern-Frenkel 17 model of Janus spheres whose attractive interaction range is 0.5σ , where σ is the diameter of the sphere. They also addressed the issue of the relation between the gas-liquid phase coexistence and the process of micelle formation in the gas phase.
(In such a case the gas phase is regarded as a collection of finite size aggregates, including micelles, and the liquid phase is considered to be an infinite size aggregate.) They found that the gas-liquid phase separation curve was characterized by a gas-liquid critical point and a micellar phase within the gas region at temperatures below the critical point. This micellerich gas phase coexists with a dense, fully connected liquid phase. One last point is worth noting. It would appear from our rough estimate of the phase diagram that our simulation for T in the range of 0.20-0.21 and density approximately 0.2 could be in the phase separation region. However, we saw no such phase separation in this case, suggesting that the real coexistence curve is to the right of this region.
IV. DISCUSSION AND CONCLUSIONS
We employed Monte Carlo simulation to characterize the formation of aggregates in a spheroidal model of a colloid having a relatively short-ranged interaction. An analysis of the equilibrium cluster size distribution for this system shows that aggregation occurs over a range of particle densities. However, unlike colloidal systems with longer ranged interactions, this system does not form single-layer structures below a transition temperature at low density; rather, larger clusters comprising 20-40 particles are formed. This absence of "micellization" at low densities was interpreted in terms of the behavior of the second-virial coefficient as a function of interaction range and particle eccentricity. In addition, an examination of the orientational correlation function indicated that substantial orientational ordering occurs in the lowtemperature, low-density regime. Thus, we conclude that the absence of a micellization temperature in the current study is attributed to the short interaction range of the potential and the spheroidal geometry of the particles.
From this and a previous investigation, 31 it is clear that one potential application of Janus particle self-assembly is the development of encapsulation systems. Encapsulation systems are technologically relevant and can be used, for example, in specific drug targeting for the treatment of illnesses and for controlling the drug release time. [32] [33] [34] Our work indicates that the degree of encapsulation may be fine tuned by varying particle shape. Although we have only considered a limited range of parameter space, it ought to be possible to optimize the range of particle interactions and particle aspect ratios to achieve a desired encapsulation morphology. The identification of a range of parameter space that is useful for encapsulation will be the subject of future work.
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